We extend two fundamental properties of positive linear time-invariant (LTI) systems to homogeneous cooperative systems. Specifically, we demonstrate that such systems are -stable, meaning that global asymptotic stability is preserved under diagonal scaling. We also show that a delayed homogeneous cooperative system is globally asymptotically stable (GAS) for any non-negative delay if and only if the system is GAS for zero delay.
I. INTRODUCTION
Positive dynamical systems, in which the state variables are constrained to remain non-negative, arise in numerous application areas. In fact, any situation in which the variables of interest only take non-negative values gives rise to a positive dynamical system. Examples of this type can be found in areas such as Ecology (population sizes), Biology (gene/protein concentrations),
Economics (commodity prices) and Chemical Engineering (chemical concentrations).
Essentially a positive dynamical system is one for which non-negative initial conditions always give rise to non-negative trajectories. Given their practical importance, it is not surprising that a considerable deal of attention has been paid to the study of positive systems and to the elucidation of their basic properties. At the time of writing, there is a well developed theory of positive linear time-invariant (LTI) systems, with roots in the Perron-Frobenius theory of non-negative matrices [6] , [3] . Particular attention has been paid to questions relating to positive reachability and observability, and the existence of positive realizations of transfer functions. As with any system class, issues pertaining to stability and the existence and location of equilibria are of fundamental importance. The work described here focusses on this aspect of the theory of positive systems.
In the linear time-invariant case, it is well known that if the origin is a globally asymptotically stable (GAS) equilibrium of the positive LTI system Ü´Øµ Ü´Øµ, then it is also a GAS equilibrium of Ü´Øµ Ü´Øµ for all diagonal matrices with positive elements on the diagonal.
This property is commonly referred to as -stability. More recently, it was shown in [8] that for a positive linear delayed system Ü´Øµ Ü´Øµ· Ü´Ø µ, the origin is a GAS equilibrium for any ¼ if and only if it is a GAS equilibrium of the system with zero delay Ü´Øµ ´ · µÜ´Øµ.
The two main results of the current paper will show that these two properties of positive LTI systems naturally extend to an important class of nonlinear positive systems.
Specifically, we shall show that these results extend to the class of homogeneous cooperative systems. Cooperative systems are a particularly important subclass of nonlinear positive systems and have been studied extensively, particularly in relation to biological applications of dynamical systems [16] , [12] . A key property of such systems, which also holds for positive LTI systems, is that they are monotone [16] , [5] . Essentially this means that if we consider two initial vectors Ü ¼ and Ý ¼ where Ü ¼ is less than Ý ¼ componentwise, then the trajectory starting from Ü ¼ remains less than that starting from Ý ¼ (componentwise) for all subsequent times. Recently, motivated by applications in Cell Biology, the basic theory of monotone dynamical systems has been extended to consider interconnections of such systems and a control theory of monotone systems has been developed in the papers [2] , [1] . While the result for delayed positive linear systems in [8] was derived using Lyapunov-Krasovskii techniques, the methods adopted here are based on the fundamental monotonicity properties of cooperative systems. As such, in addition to extending the result in [8] , we provide an alternative view on it.
Other recent work on nonlinear positive systems has been presented in [9] . In this paper, the stability and dissipativity properties of nonlinear, not necessarily cooperative, positive systems have been investigated. Further, motivated by applications in anaesthesiology, adaptive control methods for nonlinear positive systems have been proposed and analysed in [10] .
The layout of the paper is as follows. In the next section, we introduce notation and some mathematical background. In Section III we prove that homogeneous cooperative systems possess the -stability property. In Section IV we consider systems subject to delay and present a nonlinear extension of the result described in the previous paragraph. Finally, in Section V we give some concluding remarks. In the interest of brevity, we shall slightly abuse notation and refer to a system as being GAS when the origin is a GAS equilibrium of the system. Also, as we are dealing with positive systems throughout, when we refer to a system as GAS, it is with respect to initial conditions 
A. Positive linear systems
In this subsection, we recall some basic facts concerning positive LTI systems. 
The property described by point (iii) above is usually referred to as D-stability.
In the recent papers [8] , [14] the stability properties of delayed positive linear systems were studied. Formally, consider the system
Recall that for delay systems of this form [11] As with LTI systems, the system (2) is positive if
has been shown in [8] that (2) is positive if and only if is Metzler and is non-negative. As in the undelayed case, it follows from linearity that the flows generated by a positive delayed linear system are monotone meaning that implies Ü´Ø µ Ü´Ø µ for all Ø ¼.
The following result from [8] shows that (2) 
is globally asymptotically stable.
Remark: Theorem 2.2 is a slight rewording of Theorem 3.1 of [8] . A corresponding result for exponential stability of delay systems was subsequently established in Theorem 4.1 of [14] .
The proof in [8] relies on the theory of Lyapunov-Krasovskii functionals, while the proof for exponential stability in [14] is based on analysing the characteristic function of the delayed system. The primary contribution of the present paper is to extend both Theorem 2.2 and Theorem 2.1 to a class of nonlinear positive systems using different methods which rely directly on a key property of the system class; namely the monotonicity of solutions with respect to initial
conditions. As such, we also provide an alternative perspective on the results in [8] , [14] .
B. Homogeneous cooperative systems
In the study of nonlinear positive systems, the class of co-operative systems is of particular importance for numerous applications in Economics, Biology and Ecology and has attracted a considerable deal of attention in the past [16] . The definition of a cooperative vector field is as follows. 
This immediately allows us to conclude the following result, whose proof we include in the interest of completeness. 
Proof: Under the hypotheses of the theorem, for any Ü ¼ ¾ Ê Ò · , there exists a unique solution of (6) Finally for this section, we state a result for delayed systems that corresponds to point (ii) of Theorem 2.3 above. For details consult [16] . First of all, we recall the definition of an order preserving vector field.
Definition 2.4:
As we shall only be interested in vector fields that are order-preserving on Ê Ò · , we shall usually refer to such vector fields as simply order-preserving. with , we have that Ü´Ø µ Ü´Ø µ for all Ø ¼ for which both solutions are defined.
Comment:
As in the case of undelayed systems, the existence and uniqueness of solutions to (7) is implied by Lemma 2.1 (see Chapter 2 of [11] ). With regard to continuation of solutions for the delayed case, we can conclude from Theorem 2.3.2 of [11] that if each trajectory of (7) remains in a compact set in each finite time interval, then the solutions of (7) can be continued to ¼ ½µ. We shall make use of this fact in the proof of Theorem 4.1 below.
C. A nonlinear Perron Frobenius Theorem
Many of the stability properties of positive linear systems are natural consequences of the PerronFrobenius theorem for non-negative matrices. Numerous authors have considered the problem of extending the Perron-Frobenius Theorem to nonlinear positive systems. The appendix in [13] is an excellent early reference on this topic (in finite dimensions), while further and more general results were subsequently reported in [15] , [7] , [5] . We shall only require a particular case of a recent result presented in [5] for irreducible, homogeneous cooperative systems. The paper [5] contains a variety of interesting technical results concerning the asymptotic properties of homogeneous cooperative systems but, for our purposes, the facts collected in the following theorem will prove sufficient. ). Hence by Theorem 3.1, the system Ü ´Üµ is GAS.
Comment: For positive LTI systems it is well known that if Ü´Øµ
Ü´Øµ is globally asymptotically stable, then Ü´Øµ Ü´Øµ will also be GAS for all Metzler matrices with .
The above result allows us to immediately draw the corresponding, known, conclusion for homogeneous cooperative systems. 
Note that the first term on the left hand side of (12) is nonnegative by assumption of cooperativity. then the associated system is GAS. Conversely if no such vector exists, then the system is not GAS. However, it is typically much harder to show conclusively that no vector Ú ¼ satisfying ´Úµ ¼ exists. The following result, which can be thought of as a nonlinear theorem of the alternative for our situation, provides a way of demonstrating that a system is definitely not GAS. 
Proof:
We first show that at most one of these statements can be true. (14) is globally asymptotically stable also. The converse direction is immediate.
IV. STABILITY OF DELAYED COOPERATIVE SYSTEMS
In this section, we shall focus on extending the property of positive LTI systems described in Theorem 2.2 to cooperative homogeneous systems. As in the last section, unless explicitly stated otherwise, all vector fields are assumed to be continuous on Ê Ò and
The next result, which is the main result of this section is a direct extension of Theorem 2.2 to homogeneous systems. As it also immediately applies to positive linear systems, it provides an alternative view on the result of [8] , which was established using a Lyapunov-Krasovskii functional. Our argument is based on the fundamental monotonicity property of the trajectories of the system. is globally asymptotically stable also. Specifically, we have shown that for homogeneous, cooperative systems, the D-stability property of positive LTI systems also holds. In addition, we have demonstrated that a homogeneous cooperative system subject to delay is globally asymptotically stable (GAS) for any non-negative delay if and only if it GAS for zero delay. This extends a result concerning the stability properties of delayed positive LTI systems recently published in [8] . While the result in this previous paper was derived using Lyapunov-Krasovskii arguments, our approach reveals the key role played by the monotonicity properties of the system trajectories. Examples have been presented to illustrate the main results. Future work will focus on extending the results here to broader classes of nonlinear positive systems.
